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Abstract

We describeandanalyzeanonline algorithmfor
supervisedearningof pseudo-metrics.The al-
gorithm receves pairs of instancesand predicts
their similarity accordingto a pseudo-metric.
The pseudo-metricsve useare quadraticforms
parameterizety positive semi-de nitematrices.
The core of the algorithmis an updaterule that
is basedon successie projectionsontothe posi-
tive semi-de nite coneandonto half-spacecon-
straintsimposedby the examples. We describe
an efcient procedurefor performingthesepro-
jections, derive a worst casemistale boundon
thesimilarity predictionsanddiscussadualver-
sion of the algorithm in which it is simple to
incorporatekernel operators. The online algo-
rithm alsosenesasa building block for deriving
alarge-magin batchalgorithm. We demonstrate
the meritsof the proposedapproachyy conduct-
ing experimenton MNIST dataseandon docu-
ment Itering.

1. Intr oduction

Many problemsin machinelearningand statisticsrequire
theaccesgo ametricoverinstancesFor example the per
formanceof thenearesheighboralgorithm(Cover & Hart,
1967), multi-dimensionalkcaling(Cox & Cox, 1994)and
clusteringalgorithmssuchasK-meangMacQueen1965),
all dependcritically on whetherthe metric they are given
truly re ects the underlyingrelationshipsetweerthe in-
put instances.Several recentpapershave focusedon the
problemof automaticallylearninga distanceunctionfrom
examples(Xing et al., 2003; Shentalet al., 2002). These
papershave focusedon batchlearningalgorithms.A batch
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algorithmfor learninga distancefunctionis provided with
a prede nedset of examples. Eachexample consistsof
two instancesand a binary label indicating whetherthe
two instancesresimilar or dissimilar The work of (Xing
etal., 2003; Shentalet al., 2002) usedvarioustechniques
that are effective in batch settings,but do not have nat-
ural, computationally-e€ient online versions. Further
more, thesealgorithmsdid not comewith ary theoretical
error guarantees.In this paper we discuss,analyze,and
experimentwith an online algorithmfor learningpseudo-
metrics.As in abatchsetting,we receve pairsof instances
which may be similar or dissimilar But in contrastto
batchlearning,in the online settingwe needto extenda
predictionon eachpair asit is receved. After predicting
whetherthe currentpair of instancess similar, we receve
the correctfeedbaclon theinstancessimilarity or dissim-
ilarity. Informally, the goal of the online algorithmis to
minimize the numberof predictionerrors.Onlinelearning
algorithmsenjoy several practicaland theoreticaladwan-
tages: They are often simpleto implement;they aretyp-
ically bothmemoryandrun-timeef cient; they oftencome
with formal guaranteeén the form of worst casebounds
on their performancethereexist several methodsfor con-
vertingfrom onlineto batchlearning which comewith for-
malguaranteesnthebatchalgorithmobtainedhroughthe
conversion. Moreover, thereare applicationssuchastext
Itering in whichthesetof exampleds indeednotgivenall
at once,but insteadrevealedin a sequentiamannerwhile
predictionsarerequestean-the- y.

The online algorithm we suggestincrementally learns
a pseudo-metricand a threshold. As in (Xing et al.,
2003), the pseudo-metricave use are quadratic forms
parametrizedy positive semi-de nite (PSD)matrices.At
eachtime step,we geta pair of instancesandcalculatethe
distancebetweenthem accordingto our currentpseudo-
metric. We decidethattheinstancesresimilar if this dis-
tanceis lessthanthe currentthresholdand otherwisewe
saythat the instancesare dissimilar After extendingour
prediction,we getthetrue similarity labelof thepair of in-



stancesand updateour pseudo-metri@andthreshold. Our
updateruleis basedntheprojectionoperationIntuitively,
we look for a new pseudo-metriandthresholdthaton the
one handwill predictcorrectlythe last examplewe have
justreceived andon the otherhandwill beascloseaspos-
sibleto thepreviouspseudo-metriandthreshold.Theidea
of usingthe projectionoperatiorfor online algorithmswas
rst introducedby (Herbster 2001), and was further de-
velopedby (Crammeret al., 2003). The resultingupdate
rule enjoys somenice properties First, the PSDmatrix we
learnis alinear combinationof rank-onematricesde ned
by vectorsin thespanof theinstancesThisallows usto de-
velopadualversionof thealgorithmthatemploys kernels.
Further we show thatall the PSDmatricesobtainedby the
onlinealgorithmarenormboundedWe usethis propertyto
prove anonline error bound,andto designa large-magin
batchalgorithmbasedn the online algorithm.

This paperis organizedasfollows. Sec.2 formally intro-
ducegheproblemof onlinelearningof pseudo-metricand
setsthe notationusedthroughoutthe paper In Sec.3, we
describeour pseudo-metritearningalgorithmfor the sep-
arablecaseand shav that the resulting online algorithm
canbe implicitly implementedusingkerneloperators.In
Sec.4, we derive a worst-casdoss boundfor the online
algorithm. A modi cation of the online algorithmto the
inseparableaseanda correspondindossboundis brie y
discussedn Sec.5. In Sec.6, we describea simpleonline
to batchlearningcorversion, and discussthe generaliza-
tion propertiesof resultingbatchalgorithm. Experimental
resultsareprovidedin Sec.7. The experimentsapply our
algorithmto the tasksof digit recognitionandonline doc-
ument ltering. We comparethe performancef our algo-
rithm to bothotherbatchsimilarity learningalgorithmsand
onlinealgorithmsfor classi cation.

2. Problem Setting

Let X denoteour featurespace. For concretenesw/e as-
sumethatX = R". Ourgoalis to learna pseudo-metric
over X. A pseudo-metriés afunctiond : X X ! R,
which needgo satisfythreerequirements(i) d(x;x% 0,
(i) d(x;x9 = d(x%x), and(iii) d(x1;x2) + d(x2;X3)
d(x1;x3). While the instancesnay belongto a well de-
ned partition of X into classesye do not receive direct
supervisiorin theform of classlabels.Insteadwe getsim-
ilarity and dissimilarity feedback. Therefore,we assume
that we recevve examplesof the form z = (x;x%y) 2
(X X f+1; 1g). Eachexampleis composedf an
instancepair (x; x% andalabely whichequals+1 if x and
x° are consideredsimilar and 1 otherwise.As in (Xing
etal., 2003),we restrictoursehesto pseudo-metricsf the
form

da (x;x9 IO(X X9A(X X9 ;

whereA  0is asymmetricpositive semi-de nite matrix.
It is easyto verify thatif A Othenda isindeedapseudo-
metric. Furthermorethereexistsamatrix W suchthat

(x x%'Ax x%=kwx Wx%: :

Thereforeda (x; x9) is the Euclideandistancebetweerthe
imageof x andx?dueto alineartransformationv .

The mamgin of a sampleS, denoted , is de ned to be the
minimum separatiorbetweenall pairs of similar anddis-
similar examples. Let (x1;x$;+1) and(x2;x3; 1) be
suchapair. Then,the magin requirementranslateso

(da(x;x9)?  (dalx2ix3)? - @)

Note that we canscaleA and by ary positive constant
factorwithout essentiallymodifying the propertiesof the
solution (asin the caseof mary classi cation problems).
Wethereforeset to be?2 andlateronlook for amatrix A
whichhasasmallnorm. If wegetasampleS of m tuplesof
the form (x;x%y) thereare, however, O(m?) constraints
of the form describedby Eq. (1). Thus, we introducea
thresholdb 2 R andreplacethe abore constraintswith the
following setof constraints,

80x;x%y):y=+1 ) (dx;x%? b 1;
8(x;x%y):y= 1) (dx;x9)? b+1;
whichcanbewrittenasasinglelinearconstrainasfollows,

y b (da(x;x%)? 1 (2)

Given a setof exampleswe cannow de ne a constrained
optimizationproblemto nd A. Notethatin additionto
the constraintde ned in Eq. (2), we alsoneedto impose
theconstrainthat A mustbe positve semi-de nite(PSD).
Solvingthis constrainedptimizationproblemcanbe per
formed by standardmethods,suchas interior-point algo-
rithms for solving semi-de nite programs. In this paper
we focusinsteadon asimpleandef cient onlineapproach,
and later usewell-studiedtechniquedor corverting from
online to batchlearningalgorithms. We thus obtain the
bestof bothworlds: alossboundfor anefcient onlineal-
gorithm,anda generalizatioboundfor theresultingbatch
algorithm.

In theonlinesettingwe obseretuples(x ;x°%;y ) in ase-
quentialmanner Ontime step we rst obsere (x ;x9),

andcalculateda (x ;x°). If the squareof da (x ;x°) is

greaterthanthe thresholdb we predictthatthe pair is dis-

similar. Otherwisewe saythatthepairis similar. After ex-

tendingtheprediction werecevethetruelabely andmay
suffer alossif thereis adiscrepanyg betweerourprediction
andy . Thelosswe discussin this paperis anadaptation
of thehingeloss,

T(AB=max 05y (da(x ;x°)? b +1



Thus, if we satisfythe inequalityin Eq. (2) we suffer no

loss. Otherwise we pay a costthatgrows linearly with the
amountthe inequality is violated. The goal of the online
algorithmis to minimize the cumulativelossit suffers. As

in otheronline algorithmsthe matrix A andthe threshold
b are updatedafter receving the feedbacky . Therefore,
we denoteby (A ;b ) the matrix-thresholdpair usedfor

predictiononround .

3. An Online Algorithm

We now presentour rst algorithm, which assumeghat
thereexists a matrix A 0 anda scalart’ 1 that
perfectly separateghe data. Namely we assumethat
> (A?;p°) = Oforall . A modication of the algorithm
for theinseparableases givenin Sec.5.

The generalmethodwe usefor deriving our on-line up-
daterule is basedon the orthogonalprojectionoperation.
Formally, givena vectorx 2 R* anda closedcorvex set
c R the orthogonalprojectionof x ontoC is de ned

by
Pc(x) = argminkx  x%3 :

x02C
In words,P¢ (x) is thevectorin C thatis closesto x.

For simplicity of presentationye referto (A; b) both as
a matrix-scalarpair and as a vectorin R"*1 wherethe
rst n? elementof thevectorarethe elementsof A (listed
column-wise)andthelastentryof the vectoris b. For each
time step , wede ne thesetC R"* as

n ) 0
C= (Ah2R"™ > (AAh=0 : (3
Thus,C isthesetof all matrix-thresholgairswhichattain
zerolossontheexample(x ;x°%;y ). Recallthataneces-
sary conditionimposedon a matrix A usedasa pseudo-
metricis thatA 0. In addition, the thresholdmustbe
atleastl (otherwisethe losson ary similar pointswill be
non-zero).Thus,we denoteby C, thesetof all admissible
matrix-thresholdairs,

Ca=f(A;)2R™™ A 0b 1g:

Equippedwith the above de nitions, we now describethe
updatestepof the online algorithm. The updateis com-
prised of two projections. First we project the current
matrix-thresholdpair (A ;b ) ontoC . Let (A~;b) =

Pc (A ;b)) be the resulting matrix-thresholdpair. In
words,we attemptto keep(A-; b:) ascloseto (A ;b ) as
possible while forcing (A~; b:) to achieve a zerolosson
the mostrecentexample. We thende ne the newv matrix-
thresholdpair (A +1 ;b +1) asthe projectionof (Ax; br)

ontothesetC,, thusensuringthat(A 11 ;b +1) is admis-
sible for decidingwhethertwo instances; x° are similar

or dissimilar In summary the updaterule of our online
algorithmis composeaf two successie projections,

L (Ar;b)=Pc (A ;b) ;
2. (A s1:b 1) = P, (Arb)

In thefollowing, we shawv how to ef ciently performthese
projections.

3.1.Projectingonto C

Recallthat we referto (A; b) both asa matrix-scalampair

andasavectorin R" *1 . For the simplicity of represen-
tation,we denoteby w 2 R the vectorrepresentation
of (A; b). Analogouslyw ;wa~;w .; denotethe vectors
correspondindo (A ;b );(Ar;b); (A 41;b 41). Inad-

dition,let 2 R be the vectorcorrespondingo the

matrix-scalampair ( y v v';y ), wherev = x x9.

Using the above terminologyalongwith simple algebraic
manipulationswe canrewrite the de nition of C from

Eq.(3)asC = fw 2 R"* : w 1g. ltis

easyto verify thattheprojectionof w ontoC is givenby

Pc(w)=w + where = 0ifw land

otherwise = (1 w )=k K.

We now use the fact that w and are the vec-
tors correspondindo the matrix-scalampairs(A ;b ) and
( y v vt;y). Thereforewe getthat,

_(Ab)_(Asb)

k K2 kv K+ 17
andtheupdatebecomes
Ar=A 'y vVl ; b=b+ y 1 (4)

3.2.Projecting onto C,

We now describe an efcient method for projecting
(A~;b\) onto C,. First note that if (A 41;bs1) =

Pc.(Ax;br) thenA 41 is the projectionof A~ onto the
setof all PSD matricesandb ., is the projectionof b

ontothesetfb2 R : b 1g. Theprojectionof br ontothe
above setis maxf 1; b.g. It remainsto shav how to project
A~ ontothesetof all PSDmatrices.

We startwith thecasey = 1. InthiscaseAr = A +

v vt where ; 0 and henceAnx 0. Therefore,
the projectionof A~ onto the setof the PSD matricesis
A~ itself. However, if y = 1 A might not be positive
semi-de pjte. SinceA~ is symmetric,we canrewrite Ax
asAr = ., jujul, where ; is thei'th eigevalueof
A~ andu; is its correspondingigervector Without loss
of generality we assumehat ; n andthat

of R". Thematrix A .1 is the projectionof A~ ontothe



Initialize: SetA; = 0;b 2 R
For =1;2;:::

Getapairof instances(x ;x°)2 R" R"
Predict: x ;x° aresimilariff (da (x ;x°))2 b
Getthetruetargety 2 f+1; 1g

Sufferloss © (A ;b)) =

max O0;y (da (x ;x°)2 b +1
Iif(C (A ;b)>0):
Setv = (x x9)
Set = ‘1+(/l-<\v :14)
De®neAr=A 'y v vl i bh=Db+y
if(y =1),

Update: b +1 = ba
Find ( n;un) - theminimal eigervalueof A~ and
its correspondingigervector

If ( n<0),
Update: A +1 = Ar  qupub
Else
Update: A 11 = Aa
Else [y = 1]

Update: A +1 = A~ ; bo = maxfbs;1g
Else [ (A ;b)=0]

Update: A .1 =A ; b+ =D

Figurel. Thepseudo-metrionlinelearningalgorithm(POLA).

positive semi-de nite cone. Given the setof eigervectors
andeigervaluesof A, the projectionyieldsthatA .; can
bewritten as,

(Seefor instanceGolub & VanLoan, 1989.) In addition,
from the (eigervalue) Interlacing Theoremwe have that
A~ hasat mosta single negative eigervalue (cf. Wilkin-
son,1965,pp. 94-97andGolubandVanLoan,1989,page
412). Thereforewe getthatA .; = Ax nupul . Here,

n andu, can be calculatedef ciently usingthe Lanc-
zos method(see,e.g., Golub and VVan Loan, 1989). We
nametheresultingalgorithmPOLA asanabbreiation for
Pseudo-metri®nline Learning Algorithm. The pseudo-
codeof POLA is givenin Fig. 1.

3.3.Kernel-basedimplementation

The pseudo-metricave have usedsofar take theform

(da(x;x9)%2= (x xY'AKx x%=kwx Wx% ;
p— .

whereW = = A existssinceA 0. Thereforeda (x; x9)

is the Euclideandistancebetweenthe imageof x andx®

dueto alinear transformatior. In real-world applica-

tions,similarity anddissimilarityconstraintoverinstances

might not be satis ed by suchsimpledistanceunctions.A

commonpreprocessingtrat@y is to useanon-lineamap-
pingfunction : X ! F thatmapsthedatainto somehigh
dimensionafeaturespace- andthenlearnin F (Vapnik,
1998). SinceF is high-dimensionalwe needan ef cient
way to accesghe datain F. In this sectionwe presenta
dualversionof the algorithmin Fig. 1, whereinterfaceto
the datais limited to inner products. Thus, if we have a
kernelfunctionK : X X ! R thatefciently computes
theinnerproductsin F, K (x;x9 = (x) (x9, wecan
efciently learnapseudo-metriover F.

To derive a dual versionfor the online algorithm,we rst
show thatfor ary time , thematrix A canbewrittenas

irirt (5)

wherem 2 andall the vectorsr; arein the spanof
thevectorsfvy = ( (X1)
(x°))g, namely

) () =

i=1 j=1

ji Vi

The above representatiorof A enablesus to ef ciently
calculatehedistanceébetweeranew pairof instancesising
thekernelfunction,becauseisingEg. (5), we have:

(da(x +1:%x%4))2

V+]_tA V+l
X

= (i v oa)?
i=1
0 1,
X X
= @ iV v A
i=1 j=1
In addition, we have thatv; v 41 = K(Xj;X +1)

K (xj;%x%1) K(XJO;X a) + K x0).

We now useaninductive agumentto shav thatA canin-
deedbe written asin Eq. (5). Theinitial matrix A1 is the
zeromatrix andclearly ts theform of Eq. (5). Assume
thatA isof theformin Eq.(5). The rst stepof theonline
updateruleistodene A~ = Ay v v'. Thus,Ax
canalsobewrittenasin Eq. (5). If theresultingmatrix A~
is positive semi-de nitewe do not have to do arything. If
it doeshave a (single)negative eigervalue,we nd (; u),
theminimal eigervalueof A andits correspondingigen-
vector We thensetA .1 = Ax uut. It remainsto

aneigervectorof A~ we havethatA~u = u. Usingthe
inducgye assumptionyve rewrite A~ asin Eq. (5) andget
that,( I, irirt)u=u,whichyields,

u:)(" i(ri U) r: (6)
i=1



cludesthederivation.

In therestof this sectionwe explain how to nd, viainner
productsthe minimal eigervalue, , andits corresponding
eigervector u, of the matrix Ax. LetQ 2 R" 4 pea
matrix whosecolumnsform an orthonormalbasisfor the

i'th columnof Q. FromEg. (6) we getthateacheigervec-
tor u of A~ canbe written asa linear combinationof the
columnsof Q andthusthereexistsavector 2 RY such
thatu = Q . Sinceu is aneigervectorof A, we getthat

AQ = Q

Multiplying bothsidesby Q! we getthatQ'A,Q =
The reversedirectionis also correct. Namely if  is an
eigervectorof Q' A~Q thenu is aneigervectorof A~ with
the sameeigervalue. We have thus shawvn that u is an
eigervectorof A~ with aneigemvalue iffu = Q where
is aneigervectorof Q' A~ Q with thesameeigervalue .
The matrix Q'AQ canbe computedusing innerproducts
since

Asu= u =)

xXn
(QtAQ)k;j =

i=1

i(dk ri)(a; ri) :

ing the kernelGram-Schmidprocedure.In summarywe
have shavn that all the stepsof the online algorithmin
Fig. 1 canbeimplementedria a kernelfunction.

4. Analysis

Thefollowing theoremprovidesa lossboundfor thealgo-
rithmin Fig. 1. After proving thetheoremwe discussa few
of its implications.

guenceof examplesandlet R bean upperboundsud that

8 :R kx x%4+ 1 AssumghatthereexistA? 0
andb’ 1 for which 8 1, (A% 1) = 0. Thenthe
following boundholdsfor anyT 1
X 2 21,2 2
C (A ;b)) R KA’k + (¥ b)) : (7)

=1
The proof of thetheoremis basedn thefollowing lemma

Lemma?2 Letw 2 R" beanyvectorandletC R" bea
closedcorvex set. Thenfor anyw? 2 C wehave

kw W’k kPc(w) w’k; kw  Pc(w)k; : (8)

For a proof seefor instance(Censor& Zenios, 1997),
Thm.2.4.1.

Proof of Theorem 1:

For simplicity, we usethede nitions of w;w ;W 41 ;Wa
and  from Sec.3.1. We alsodenoteby w? 2 R"* the
vectorcorrespondingo the matrix-scalapair (A?; b’).

K2 kw4 W?kg. We prove

De ne = kw w
T from above andbelow.

thetheorerrbprounding -1
T

Firstnotethat '_; is atelescopicsumandtherefore
X 21,2 21,2
= kwi wk; kwrso wk;
=1
kwy  wike 9)

P
This providesanupperboundon
we prove the lower bound

. In thefollowing
C (A ;b))?=R. We

cansubtractandaddthetermkw w7k§ from  toget
= kw WK kwa WK
+ kwa WIS kwoa WK

Recallthatw is the projectionof w onto C andthat
w 41 is the projectionof wa onto C,. By assumption,
w? 2 C, andw?’ 2 C . Thereforewe getfrom Lemma2
that

kwa W Ko+ kw o1 Wakd
kwa W K (10)
We now usethefactthatw~ = w + where =
" (A ;b)=k K togetthat
C(AGb)® (C(Asb))?
W k K R » A

wherethe lastinequalityis dueto the factthatk kg =
kx  x%°k3+ 1 R. CombiningEq. (11) with Eq. (10)
we get C (A:b ))Z:R. Comparingthe above
wer bound with the upper bound in Eq. (9) we get
", C (A;b)® Rkw? w;k5, which givesthe
boundin Eq.(7) sincekw?  w1k; = kA%K2+ (7 by)2.
[

Notethatthelossboundof Thm. 1 doesnotdepencbnthe
dimensiorof theinstancespace .Thereforethebounddoes
notchangef weemploy kernelswhichmaptheinstanceso
high dimensionakpacesThe soledifferencein the bound
whenusingkernelsis thatthe normof A? andthe normof
theinstanceareassumedo besmallin themappedspace.
Note alsothat we male a similarity predictionmistale iff
y b (da (x ;x9)2 0. Thus,if onround the
predictedsimilarity is incorrect,then(" (A ;b ))2 1
Therefore,the numberof prediction mistalkes cannotex-

ceedR kA?K:+ (b’ by)? . Finally we would like to



notethatwhile Thm. 1 providesa lossboundon the sum
of squaesof hingelossesit is possibleto derive a bound
whichis ameresumof losses.The proof howeveris more
complicatedandis omitteddueto lack of space.

5. A Modi cation for the Inseparable Case

Sofar, we have assumedhatthereexists a pseudo-metric
that perfectly matchesthe similarity and dissimilarity re-
lations betweeninstances. In this section,we relax this
assumptiorand describea modi cation for the algorithm
in Fig. 1 for the inseparablecase. Sincethereis no per
fect pseudo-metrig¢hat explainsthe dataeven from hind-
sight,wedonotexpectouronlinealgorithmto attaina x ed
amountof loss. Instead we measurehelossof the online
algorithmrelative to the loss of any other x ed pseudo-
metric parametrizedy (A?; b’). Thealgorithmemplo/s a
relaxationparameterdenotecby > 0. Theonly modi -
cationto thealgorithmin Fig. 1 isto de ne

" (A 5b)

- kx xO0k4+ 1+ : (12)

It is possibleto derive a loss boundfor POLA with the
abore modi cation relativeto the loss of ary other x ed
pseudo-metriaisingthe sametechniquesasin (Crammer
etal., 2003). Thefull detailsareomitteddueto the lack of
space.

6. Using POLA in Batch Settings

We have focusedthusfar on online algorithms. However,
in mary machinelearningtasksthe entiretraining datais
givento the learningalgorithmin adwance. Suchsettings
aretypically referredto asbatchlearning. In batchlearn-
ing the goalis to nd an hypothesiswhich exhibits small
empiricalerroror losson thetraining dataandgeneralizes
well by obtainingsimilar low losson unseerexamples.In
this sectionwe build uponthe fact that we have devised
anonline learningalgorithmwith alossboundon its per
formance. Speci cally, we usePOLA asa building block
to devise a batchprocedurewhich returnsa pseudo-metric
thatis guaranteedo generalizavell.

There are various techniquesto corvert from online to
batchlearningwhich comewith someformal guarantees,
quite a few canbe usedin our setting. We presenthere
oneof the simplestcorversiontechniquesThe conversion
proceduraisesa corvergenceparameterdenoted . It in-
vokes POLA multiple timesso long asthereexists an ex-
amplein the training setwhosehinge loss exceeds . If
no suchexampleexiststhe procedurestopsandreturnsthe
nal matrix obtainedby POLA. Thelossboundof Sec.3

guaranteethatatmostdR kAZKZ + (b’ Iby)2 = 2ein-
vocationsof POLA will berequired.By constructionthe

Figure2. Results of dimensionality reduction using distance
learning. Top: noisy imagesof the digits 2" and”5” (left) re-
constructionof the imagesusing PCA (middle) and reconstruc-
tion using POLA (right). Bottom: A correspondingolor-coded
representationf the distancedetweereachpair of images.

loss of the nal pseudo-metrion any examplefrom the
training setis at most . Furthermorecombiningthe in-
equality of Eq. (9) with the fact that is non-n@ative
we obtainLemma3 belav (seealsoCrammetetal., 2003).
Thislemmaassureshatthe normof theresultis bounded.

Lemma 3 Underthe sameconditionsof Thm.1, the fol-
lowing boundholdsfor any 1
KA K2+ (b

12 4 kA'KZ+ (0)?

Combiningtheboundonthe normwith thefactthatits em-
pirical losson the training setis smallimpliesthatthe re-
sulting pseudo-metricdas good generalizatiomproperties.
Thatis, assuminghat the training setandthe testsetare
i.i.d sampledrom thesamesourcethenwith high probabil-
ity thelosson thetestsetis alsosmall. Theformal deriva-
tion usesstandardearningtheoretictools andis omitted
dueto thelack of space.

7. Experimental Results

In this sectionwe presentexperimentalresultswith syn-
theticandnaturaldatathatdemonstratelifferentmerits of

POLA. In the rst experimentwe createdwo synthetiam-

agesof the digits °5° and °2°. Eachimageis composed

of 12 12 pixels. We then created64 noisy versionsof

thetwo original imagesby addingbiasednoiseasfollows.

We de ned two noisepatternsthe rst patternwasgener

atedby addinga zeromeanGaussiamoiseto all the odd

columnsof the digit image;the secondpatternwasgener

atedin a similar mannerby addingnoiseto the odd rows.

The varianceof the noisewas set suchthat the signalto

noiseratiois 1 (0dB SNR). The noisyimagesaredepicted
onthetop left partof Fig. 2. The noisedegradedthe orig-

inal imagesup to the point whereit is almostimpossible
to recognizewhetherthe original digit is ©2°or °5°. The
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Figure3. Top andmiddle rows: scatterplots of errorratesfor all

pairsof digits from the MNIST datasetTop Left: POLA vs. Eu-

clideandistance Top Right: POLA vs FDA. Middle Left: POLA

vs. RCA without PCA asa preprocessingtep. Middle Right:

POLA vs. RCA. Bottomrow: thedigits 0 and8 afterdimension-
ality reductionusingPCA (left) andPOLA (right).

plot onthe bottomleft of Fig. 2 is a color codedrepresen-
tation of the distancebetweeneachpair of original noisy
images.It is alsoclearthatthe distancesreratherrandom
anddo notre ect theidentity of theunderlyingprototypes.
We next performedprincipalcomponenganalysigPCA)on
theimagesandreconstructedhe imagesusingthe largest
eigervector The correspondingeconstructedmagesare
shavn onthemiddleof thetop row of Fig. 2. Thedistances
betweeneachtwo reconstructedmagesare given on the
middle of the bottomrow. While someof the imagesbe-
comemoreintelligible, it is still not possiblein mostcases
to revealwhetheranimagerepresentshe digit ©2°or ©5°.
Similarly, the correspondinglistanceglo not clearly shov
theunderlyingtwo-classstructure Last,we appliedPOLA
to all pairsof noisyimages,andreconstructeg@achimage
usingthe largesteigervectorof thelearnedmatrix A. The
reconstructedmagesandthe distancesredepictedon the
right handside of Fig. 2. Most, if not all, of the recon-
structedimageslook intelligible andwe caneasilyreveal
theoriginal digit prototypefor eachimage.Indeed thedis-
tancesmatrix depictedon the right exhibits a clearblock
structurecorrespondingo the partition of thedatainto two
classesThis experimentdemonstratethe power of super
visedlearningof pseudo-metricfor extractingrelevantin-
formation.

Our next set of experimentscomparesthe performance

of the k NearestNeighbor(kNN) classi er with different
(pseudo)metricson the MNIST dataset.MNIST contains
imagesof the 10 digits eachof which is representedy
28 28 pixels. We randomly picked 10; 000 examples
from the training setandusedall the 10; 000 examplesof
the testset. Next, 120 = 45 binary classi cation prob-
lemswere generatedy comparingall pairsof digits. In
the rst experimentwe comparedhe performancef kNN
usingthe Euclideardistancdo its performancevhenusing
apseudo-metriobtainedoy runningPOLA onthetraining
set. To train POLA we randomlychosel; 000 pairsof in-
stancesand usedthe last hypothesisgeneratecby POLA
for evaluationon thetestset(seeSec.6). A comparisorof
the error on all 45 binary classi cation problemsis given
onthetop left scattemplot of Fig. 3. Eachpointin the plot
correspondso a binary classi cationproblem. The x-axis
designateshe errorof KNN with Euclideandistancewhile
they-axisis theerrorof KNN usingPOLA s pseudo-metric.
It is clearthatusingthe learnedpseudo-metrigreatlyre-
ducegheerrorrate.In fact,theerrorwhenusingPOLA as
apre-processingtepis lowerthanthevanillakNN in all of
the45 binaryproblems Next, we comparedhe RCA algo-
rithm for learningdistance¢Shentaktal.,2002)to POLA.
RCA follows thesamédearningsettingasPOLA in abatch
mode. We comparedhe performanceof kNN usinga dis-
tancefunctionlearnedby RCA to its performancaisinga
pseudo-metritearnedby POLA. RCA usesPCA asapre-
processingstepin orderto reducedimensionality We thus
appliedPCAindependentlyo eachbinaryproblemandre-
ducedthedimensiorof each28? imageto a40dimensional
vector This valueof the dimensionwaschoserby exper
imentationon the testset. The results,comparingPOLA
with RCA, are given on the middle right plot of Fig. 3.
POLA outperformsRCA on all but one of the 45 binary
problems.We alsoappliedRCA without the dimensional-
ity reductionstep. Theresultsaregivenon the middleleft
plot of Fig. 3. Here,the resultsof RCA are muchworse
andPOLA outperformsRCA on all of the 45 binary prob-
lems. The factthatPOLA doesnot requiredimensionality
reductionis in accordancevith our formal analysis. In-
deed,thelossboundof Thm. 1 depend®n the Frobenius
normof A? anddoesnot dependon the actualdimension
of theinstances.

We also comparedPOLA to FisherDiscriminantAnaly-
sis (FDA) (Dudaet al., 2001). FDA canbe viewed asa
dimensionalityreductionmethodin the presencef super
vision. Thesimplestform of FDA for binaryclassi cation
problemsprojectsthe instancesonto a single dimension.
Thus,to make a fair comparisonwith FDA, we projected
the dataof eachbinary problemontothe largesteigervec-
tor of the matrix found by POLA. We thencomparedhe
performanceof KNN usingthe projecteddataobtainedby
POLA andFDA. Theresultsaredepictedon top right part
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Figure4. A comparisorof the error of variousonline algorithms
for document®ltering in thedataseReuters-21578.

of Fig. 3. Hereagain KNN with POLA clearlyoutperforms
kNN with FDA onall of the problems.

In the nal experimentwith the MNIST datasetwe ran-
domly selectedlOOimagescorrespondingo the digits °0°
and®8°. We thenprojectedeachimageontothetwo largest
eigervectorsobtainedby PCA andthe two largesteigen-
vectorsof the matrix learnedby POLA. The two projec-
tionsareshavn in the bottomrow of Fig. 3 The projected
pointsusingthe eigervectorsobtainedoy POLA generated
two perfectlyseparablelusterseachof which corresponds
to adifferentdigit. In contrastheanalogouslusterswvhen
usingPCA areinterleaved. This demonstratethe potential
power of POLA for dimensionalityreduction.

We alsocompared”OLA with otheronline algorithmson
the problemof documentltering. We usedthe Reuters-
21578dataset. This datasetontainsabout10; 000 docu-
ments. Eachdocumentin the corpusis labeledby zeroor
moretopicsfrom aprede nedset.We representethedoc-
umentsusingthe standardrectorspacamodelwith length-
normalizedt df after selecting500 words (Singhalet al.,
1996). Of the entire set of topics we chosel3 topicsto
usein our experiments.The topicswere chosensuchthat
thenumberof relevantdocumentss muchsmallerthanthe
numberof irrelevant documentdor the topic. (The ratio
betweenthe numberof relevant andirrelevant documents
was in the range[0:1;0:01]). We then evaluatedPOLA
andvariousonline algorithmson the task of online docu-
ment Itering asfollows. Oneachtime step,we calculated
the distancebetweena new instanceto all of the relevant
documentobseredthusfar. If the distanceo the closest
relevant documentwaslessthanthe currentthresholdwe
predictedhatthedocuments relevant. Otherwisewe pre-
dictedthatit is irrelevant. To evaluatethe performanceof
the algorithmswe calculatedboth the averagenumberof
falsepositives (relevant) and the averagenumberof false
negatives (irrelevant). We thentook the averageof these
two errors. The endresultsis an equalizederror estimate
that doesnot dependon the densityof relevantdocument.
We comparedhe resultsof POLA to the resultsobtained
by the Perceptroralgorithm(Rosenblatt1958),the PAUM
algorithm (Li et al., 2002) (a variant of the Perceptron),
and a simple 1NN classi er that useson eachround the
document®bseredsofar. Theresultsaregivenin Fig. 4.
As can be seenfrom the scatterplot in the right, POLA

clearly outperformsthe simple 1NN algorithm. However,
the performanceof PAUM andthe standard”erceptroral-
gorithm are often comparableo POLA. Sincethe PAUM
algorithmdependsn parametershat drasticallyeffect its
performanceit is possiblethat ner tuningof theseparam-
eterswill improveits performance.
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