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Abstract

We describeandanalyzeanonlinealgorithmfor
supervisedlearningof pseudo-metrics.The al-
gorithm receivespairsof instancesandpredicts
their similarity according to a pseudo-metric.
The pseudo-metricswe usearequadraticforms
parameterizedby positivesemi-de�nitematrices.
The coreof the algorithmis an updaterule that
is basedon successive projectionsontotheposi-
tive semi-de�niteconeandontohalf-spacecon-
straintsimposedby the examples. We describe
an ef�cient procedurefor performingthesepro-
jections,derive a worst casemistake boundon
thesimilarity predictions,anddiscussadualver-
sion of the algorithm in which it is simple to
incorporatekernel operators. The online algo-
rithm alsoservesasabuilding block for deriving
a large-margin batchalgorithm.We demonstrate
themeritsof theproposedapproachby conduct-
ing experimentsonMNIST datasetandondocu-
ment�ltering.

1. Intr oduction

Many problemsin machinelearningandstatisticsrequire
theaccessto ametricover instances.For example,theper-
formanceof thenearestneighboralgorithm(Cover& Hart,
1967),multi-dimensionalscaling(Cox & Cox, 1994)and
clusteringalgorithmssuchasK-means(MacQueen,1965),
all dependcritically on whetherthe metric they aregiven
truly re�ects the underlyingrelationshipsbetweenthe in-
put instances.Several recentpapershave focusedon the
problemof automaticallylearningadistancefunctionfrom
examples(Xing et al., 2003; Shentalet al., 2002). These
papershave focusedonbatchlearningalgorithms.A batch
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algorithmfor learninga distancefunctionis providedwith
a prede�nedset of examples. Eachexampleconsistsof
two instancesand a binary label indicating whetherthe
two instancesaresimilar or dissimilar. Thework of (Xing
et al., 2003;Shentalet al., 2002)usedvarioustechniques
that are effective in batchsettings,but do not have nat-
ural, computationally-ef�cient online versions. Further-
more, thesealgorithmsdid not comewith any theoretical
error guarantees.In this paper, we discuss,analyze,and
experimentwith an online algorithmfor learningpseudo-
metrics.As in abatchsetting,wereceivepairsof instances
which may be similar or dissimilar. But in contrastto
batchlearning,in the online settingwe needto extend a
predictionon eachpair as it is received. After predicting
whetherthecurrentpair of instancesis similar, we receive
thecorrectfeedbackon theinstances'similarity or dissim-
ilarity. Informally, the goal of the online algorithm is to
minimizethenumberof predictionerrors.Onlinelearning
algorithmsenjoy several practicaland theoreticaladvan-
tages:They areoften simple to implement;they are typ-
ically bothmemoryandrun-timeef�cient; they oftencome
with formal guaranteesin the form of worst casebounds
on their performance;thereexist severalmethodsfor con-
vertingfrom onlineto batchlearning,whichcomewith for-
malguaranteesonthebatchalgorithmobtainedthroughthe
conversion. Moreover, thereareapplicationssuchastext
�ltering in whichthesetof examplesis indeednotgivenall
at once,but insteadrevealedin a sequentialmannerwhile
predictionsarerequestedon-the-�y.

The online algorithm we suggestincrementally learns
a pseudo-metricand a threshold. As in (Xing et al.,
2003), the pseudo-metricswe use are quadratic forms
parametrizedby positive semi-de�nite(PSD)matrices.At
eachtime step,we geta pair of instancesandcalculatethe
distancebetweenthem accordingto our currentpseudo-
metric. We decidethat theinstancesaresimilar if this dis-
tanceis lessthan the currentthresholdandotherwisewe
say that the instancesaredissimilar. After extendingour
prediction,wegetthetruesimilarity labelof thepairof in-



stancesandupdateour pseudo-metricandthreshold.Our
updateruleis basedontheprojectionoperation.Intuitively,
we look for a new pseudo-metricandthresholdthaton the
onehandwill predict correctly the last examplewe have
just receivedandon theotherhandwill beascloseaspos-
sibleto thepreviouspseudo-metricandthreshold.Theidea
of usingtheprojectionoperationfor onlinealgorithmswas
�rst introducedby (Herbster, 2001), and was further de-
velopedby (Crammeret al., 2003). The resultingupdate
rule enjoys someniceproperties.First, thePSDmatrix we
learnis a linearcombinationof rank-onematricesde�ned
by vectorsin thespanof theinstances.Thisallowsusto de-
velopadualversionof thealgorithmthatemployskernels.
Further, weshow thatall thePSDmatricesobtainedby the
onlinealgorithmarenormbounded.Weusethispropertyto
prove anonlineerrorbound,andto designa large-margin
batchalgorithmbasedon theonlinealgorithm.

This paperis organizedasfollows. Sec.2 formally intro-
ducestheproblemof onlinelearningof pseudo-metricsand
setsthenotationusedthroughoutthepaper. In Sec.3, we
describeour pseudo-metriclearningalgorithmfor thesep-
arablecaseand show that the resultingonline algorithm
canbe implicitly implementedusingkerneloperators.In
Sec.4, we derive a worst-caseloss boundfor the online
algorithm. A modi�cation of the online algorithmto the
inseparablecaseanda correspondinglossboundis brie�y
discussedin Sec.5. In Sec.6, we describea simpleonline
to batchlearningconversion,and discussthe generaliza-
tion propertiesof resultingbatchalgorithm. Experimental
resultsareprovided in Sec.7. Theexperimentsapplyour
algorithmto the tasksof digit recognitionandonlinedoc-
ument�ltering. We comparetheperformanceof our algo-
rithm to bothotherbatchsimilarity learningalgorithmsand
onlinealgorithmsfor classi�cation.

2. ProblemSetting

Let X denoteour featurespace.For concretenesswe as-
sumethat X = Rn . Our goal is to learna pseudo-metric
over X . A pseudo-metricis a function d : X � X ! R,
whichneedsto satisfythreerequirements,(i) d(x; x 0) � 0,
(ii) d(x; x0) = d(x0; x), and(iii) d(x1; x2) + d(x2; x3) �
d(x1; x3). While the instancesmay belongto a well de-
�ned partition of X into classes,we do not receive direct
supervisionin theform of classlabels.Instead,wegetsim-
ilarity anddissimilarity feedback. Therefore,we assume
that we receive examplesof the form z = (x; x 0; y) 2
(X � X � f +1 ; � 1g). Eachexampleis composedof an
instancepair (x ; x0) andalabely whichequals+1 if x and
x0 areconsideredsimilar and� 1 otherwise.As in (Xing
et al., 2003),we restrictourselvesto pseudo-metricsof the
form

dA (x ; x0) �
p

(x � x0)t A(x � x0) ;

whereA � 0 is a symmetricpositive semi-de�nitematrix.
It is easyto verify thatif A � 0 thendA is indeedapseudo-
metric.Furthermore,thereexistsamatrixW suchthat

(x � x0)t A(x � x0) = kW x � W x0k2
2 :

Therefore,dA (x ; x0) is theEuclideandistancebetweenthe
imageof x andx0 dueto a lineartransformationW .

Themargin of a sampleS, denoted
 , is de�ned to be the
minimum separationbetweenall pairsof similar anddis-
similar examples. Let (x1; x0

1; +1) and (x2; x0
2; � 1) be

suchapair. Then,themargin requirementtranslatesto

(dA (x1; x0
1))2 � (dA (x2; x0

2))2 � 
 : (1)

Note that we canscaleA and 
 by any positive constant
factorwithout essentiallymodifying the propertiesof the
solution (as in the caseof many classi�cation problems).
We thereforeset
 to be2 andlateron look for a matrix A
whichhasasmallnorm.If wegetasampleS of m tuplesof
the form (x; x0; y) thereare,however, O(m2) constraints
of the form describedby Eq. (1). Thus, we introducea
thresholdb 2 R andreplacetheabove constraintswith the
following setof constraints,

8(x; x0; y) : y = +1 ) (d(x; x0))2 � b� 1 ;

8(x; x0; y) : y = � 1 ) (d(x; x0))2 � b+ 1 ;

whichcanbewrittenasasinglelinearconstraintasfollows,

y
�
b� (dA (x ; x0))2�

� 1 : (2)

Given a setof exampleswe cannow de�ne a constrained
optimizationproblemto �nd A. Note that in addition to
the constraintde�ned in Eq. (2), we alsoneedto impose
theconstraintthatA mustbepositive semi-de�nite(PSD).
Solving this constrainedoptimizationproblemcanbeper-
formedby standardmethods,suchas interior-point algo-
rithms for solving semi-de�nite programs. In this paper
wefocusinsteadonasimpleandef�cient onlineapproach,
and later usewell-studiedtechniquesfor converting from
online to batch learningalgorithms. We thus obtain the
bestof bothworlds: a lossboundfor anef�cient onlineal-
gorithm,andageneralizationboundfor theresultingbatch
algorithm.

In theonlinesettingweobserve tuples(x � ; x0
� ; y� ) in ase-

quentialmanner. On time step� we �rst observe (x � ; x0
� ),

andcalculatedA (x � ; x0
� ). If the squareof dA (x � ; x0

� ) is
greaterthanthe thresholdb we predictthat thepair is dis-
similar. Otherwise,wesaythatthepair is similar. After ex-
tendingtheprediction,wereceivethetruelabely� andmay
suffer alossif thereis adiscrepancy betweenourprediction
andy� . The losswe discussin this paperis anadaptation
of thehingeloss,

` � (A; b) := max
�

0 ; y�
�
(dA (x � ; x0

� ))2 � b
�

+ 1
	

:



Thus, if we satisfy the inequality in Eq. (2) we suffer no
loss.Otherwise,we paya costthatgrows linearly with the
amountthe inequality is violated. The goal of the online
algorithmis to minimizethecumulativelossit suffers. As
in otheronline algorithmsthe matrix A andthe threshold
b areupdatedafter receiving the feedbacky� . Therefore,
we denoteby (A � ; b� ) the matrix-thresholdpair usedfor
predictionon round� .

3. An Online Algorithm

We now presentour �rst algorithm, which assumesthat
thereexists a matrix A? � 0 and a scalarb? � 1 that
perfectly separatesthe data. Namely, we assumethat
` � (A?; b?) = 0 for all � . A modi�cation of thealgorithm
for theinseparablecaseis givenin Sec.5.

The generalmethodwe usefor deriving our on-line up-
daterule is basedon the orthogonalprojectionoperation.
Formally, given a vectorx 2 Rk anda closedconvex set
C � Rk , theorthogonalprojectionof x ontoC is de�ned
by

PC (x) = argmin
x 02 C

kx � x0k2
2 :

In words,PC (x) is thevectorin C thatis closestto x.

For simplicity of presentation,we refer to (A; b) both as
a matrix-scalarpair and as a vector in Rn 2 +1 wherethe
�rst n2 elementsof thevectoraretheelementsof A (listed
column-wise)andthelastentryof thevectoris b. For each
timestep� , wede�ne thesetC� � Rn 2 +1 as

C� =
n

(A; b) 2 Rn 2 +1 : ` � (A; b) = 0
o

: (3)

Thus,C� is thesetof all matrix-thresholdpairswhichattain
zerolosson theexample(x � ; x0

� ; y� ). Recallthata neces-
sarycondition imposedon a matrix A usedasa pseudo-
metric is that A � 0. In addition, the thresholdmustbe
at least1 (otherwisethe losson any similar pointswill be
non-zero).Thus,we denoteby Ca thesetof all admissible
matrix-thresholdpairs,

Ca = f (A; b) 2 Rn 2 +1 : A � 0; b � 1g :

Equippedwith theabove de�nitions, we now describethe
updatestepof the online algorithm. The updateis com-
prised of two projections. First we project the current
matrix-thresholdpair (A � ; b� ) onto C� . Let (A �̂ ; b�̂ ) =
PC � (A � ; b� ) be the resulting matrix-thresholdpair. In
words,we attemptto keep(A �̂ ; b�̂ ) ascloseto (A � ; b� ) as
possible,while forcing (A �̂ ; b�̂ ) to achieve a zerolosson
the mostrecentexample. We thende�ne the new matrix-
thresholdpair (A � +1 ; b� +1 ) as the projectionof (A �̂ ; b�̂ )
ontothesetCa , thusensuringthat(A � +1 ; b� +1 ) is admis-
sible for decidingwhethertwo instancesx; x 0 aresimilar

or dissimilar. In summary, the updaterule of our online
algorithmis composedof two successive projections,

1: (A �̂ ; b�̂ ) = PC � (A � ; b� ) ;

2: (A � +1 ; b� +1 ) = PCa (A �̂ ; b�̂ ) :

In thefollowing, we show how to ef�ciently performthese
projections.

3.1.Projecting onto C�

Recall that we refer to (A; b) both asa matrix-scalarpair
andasa vector in Rn 2 +1 . For the simplicity of represen-
tation,we denoteby w 2 Rn 2 +1 thevectorrepresentation
of (A; b). Analogously, w � ; w �̂ ; w � +1 denotethe vectors
correspondingto (A � ; b� ); (A �̂ ; b�̂ ); (A � +1 ; b� +1 ). In ad-
dition, let � � 2 Rn 2 +1 bethevectorcorrespondingto the
matrix-scalarpair (� y� v � v t

� ; y� ), wherev � = x � � x0
� .

Using the above terminologyalongwith simplealgebraic
manipulations,we can rewrite the de�nition of C� from
Eq. (3) as C� = f w 2 Rn 2 +1 : w � � � � 1g. It is
easyto verify thattheprojectionof w � ontoC� is givenby
PC � (w � ) = w � + � � � � where� � = 0 if w � � � � � 1 and
otherwise� � = (1 � w � � � � )=k� � k2

2.

We now use the fact that w � and � � are the vec-
tors correspondingto the matrix-scalarpairs(A � ; b� ) and
(� y� v � v t

� ; y� ). Therefore,wegetthat,

� � =
` � (A � ; b� )

k� � k2
2

=
` � (A � ; b� )
kv � k4

2 + 1
;

andtheupdatebecomes

A �̂ = A � � y� � t v � v t
� ; b�̂ = b� + � t y� : (4)

3.2.Projecting onto Ca

We now describe an ef�cient method for projecting
(A �̂ ; b�̂ ) onto Ca . First note that if (A � +1 ; b� +1 ) =
PCa (A �̂ ; b�̂ ) then A � +1 is the projectionof A �̂ onto the
set of all PSD matricesand b� +1 is the projectionof b�̂

ontothesetf b 2 R : b � 1g. Theprojectionof b�̂ ontothe
abovesetis maxf 1; b�̂ g. It remainsto show how to project
A �̂ ontothesetof all PSDmatrices.

We startwith thecasey� = � 1. In this caseA �̂ = A � +
� t v � v t

� where� t � 0 and henceA �̂ � 0. Therefore,
the projectionof A �̂ onto the set of the PSD matricesis
A �̂ itself. However, if y� = 1 A �̂ might not be positive
semi-de�nite. SinceA �̂ is symmetric,we canrewrite A �̂

asA �̂ =
P n

i =1 � i u i u t
i , where� i is the i ' th eigenvalueof

A �̂ andu i is its correspondingeigenvector. Without loss
of generality, we assumethat � 1 � : : : � � n and that
the eigenvectorsf u1; : : : ; un g form an orthonormalbasis
of Rn . The matrix A � +1 is the projectionof A �̂ onto the



Initialize: SetA1 = 0 ; b1 2 R
For � = 1; 2; : : :

Get apair of instances:(x � ; x 0
� ) 2 Rn � Rn

Predict: x � ; x 0
� aresimilar if f (dA � (x � ; x 0

� )) 2 � b�

Get thetruetargety� 2 f +1 ; � 1g
Suffer loss: ` � (A � ; b� ) =

max
�

0 ; y�
�
(dA � (x � ; x 0

� )) 2 � b�
�

+ 1
	

If (` � (A � ; b� ) > 0):
Setv � = (x � � x 0

� )

Set� � = ` � ( A � ;b � )
1+ kv � k 4

De®neA�̂ = A � � y� � � v � v t
� ; b�̂ = b� + y� � �

If (y� = 1),
Update: b� +1 = b�̂

Find (� n ; un ) - the minimal eigenvalueof A �̂ and
its correspondingeigenvector

If (� n < 0),
Update: A � +1 = A �̂ � � n un u t

n

Else
Update: A � +1 = A �̂

Else [y� = � 1]
Update: A � +1 = A �̂ ; b�̂ = maxf b�̂ ; 1g

Else [` � (A � ; b� ) = 0]
Update: A � +1 = A � ; b� +1 = b�

Figure1. Thepseudo-metriconlinelearningalgorithm(POLA).

positive semi-de�nitecone. Given the setof eigenvectors
andeigenvaluesof A �̂ , theprojectionyieldsthatA � +1 can
bewrittenas,

A � +1 =
X

i :� i > 0

� i u i u t
i :

(Seefor instanceGolub & Van Loan, 1989.) In addition,
from the (eigenvalue) InterlacingTheoremwe have that
A �̂ hasat most a single negative eigenvalue (cf. Wilkin-
son,1965,pp. 94-97andGolubandVanLoan,1989,page
412).Therefore,wegetthatA � +1 = A �̂ � � n un u t

n . Here,
� n and un can be calculatedef�ciently using the Lanc-
zos method(see,e.g., Golub and Van Loan, 1989). We
nametheresultingalgorithmPOLA asanabbreviation for
Pseudo-metricOnline LearningAlgorithm. The pseudo-
codeof POLA is givenin Fig. 1.

3.3.Kernel-basedImplementation

Thepseudo-metricswehave usedsofar take theform

(dA (x ; x0))2 = (x � x0)t A(x � x0) = kW x � W x0k2
2 ;

whereW =
p

A existssinceA � 0. Therefore,dA (x ; x0)
is the Euclideandistancebetweenthe imageof x andx 0

dueto a linear transformationW . In real-world applica-
tions,similarity anddissimilarityconstraintsover instances
mightnotbesatis�edby suchsimpledistancefunctions.A

commonpreprocessingstrategy is to useanon-linearmap-
pingfunction� : X ! F thatmapsthedatainto somehigh
dimensionalfeaturespaceF andthenlearnin F (Vapnik,
1998). SinceF is high-dimensional,we needan ef�cient
way to accessthe datain F . In this sectionwe presenta
dual versionof thealgorithmin Fig. 1, whereinterfaceto
the datais limited to inner products. Thus, if we have a
kernelfunctionK : X � X ! R thatef�ciently computes
the innerproductsin F , K (x; x 0) = � (x) � � (x0), we can
ef�ciently learnapseudo-metricover F .

To derive a dual versionfor the online algorithm,we �rst
show thatfor any time � , thematrixA � canbewrittenas

A � =
mX

i =1

� i r i r t
i ; (5)

wherem � 2� and all the vectorsr i are in the spanof
thevectorsf v1 = (� (x1) � � (x0

1)) ; : : : ; v � = (� (x � ) �
� (x0

� ))g, namely,

r i =
�X

j =1

� j ;i (� (x j ) � � (x0
j )) =

�X

j =1

� j ;i v j :

The above representationof A � enablesus to ef�ciently
calculatethedistancebetweenanew pairof instancesusing
thekernelfunction,becauseusingEq.(5), wehave:

(dA (x � +1 ; x0
� +1 ))2 = v � +1

t A � v � +1

=
mX

i =1

� i (r i � v � +1 )2

=
mX

i =1

� i

0

@
�X

j =1

� j ;i v j � v � +1

1

A

2

:

In addition, we have that v j � v � +1 = K (x j ; x � +1 ) �
K (x j ; x0

� +1 ) � K (x0
j ; x � +1 ) + K (x0

j ; x0
� +1 ).

Wenow useaninductiveargumentto show thatA � canin-
deedbewritten asin Eq. (5). The initial matrix A1 is the
zeromatrix andclearly �ts the form of Eq. (5). Assume
thatA � is of theform in Eq.(5). The�rst stepof theonline
updaterule is to de�ne A �̂ = A � � y� � � v � v t

� . Thus,A �̂

canalsobewrittenasin Eq.(5). If theresultingmatrixA �̂

is positive semi-de�nitewe do not have to do anything. If
it doeshave a (single)negative eigenvalue,we �nd (�; u),
theminimaleigenvalueof A �̂ andits correspondingeigen-
vector. We thensetA � +1 = A �̂ � � uu t . It remainsto
show thatu is alsoin thespanof f v 1; : : : ; v � g. Sinceu is
aneigenvectorof A �̂ we have thatA �̂ u = � u. Using the
inductive assumption,we rewrite A �̂ asin Eq. (5) andget
that,(

P m
i =1 � i r i r t

i ) u = � u, whichyields,

u =
mX

i =1

�
� i (r i � u)

�

�
r i : (6)



Therefore,u is in the subspacespannedby f r 1; : : : ; r m g
andthusit is alsoin thespanof f v 1; : : : ; vm g, whichcon-
cludesthederivation.

In therestof thissectionweexplainhow to �nd, via inner-
products,theminimal eigenvalue,� , andits corresponding
eigenvector, u, of the matrix A �̂ . Let Q 2 Rn � d be a
matrix whosecolumnsform an orthonormalbasisfor the
subspacespannedby f v1; : : : ; vm g andlet q i denotethe
i ' th columnof Q. FromEq. (6) we getthateacheigenvec-
tor u of A �̂ canbe written asa linear combinationof the
columnsof Q andthusthereexists a vector� 2 Rd such
thatu = Q� . Sinceu is aneigenvectorof A �̂ , wegetthat

A �̂ u = � u =) A �̂ Q� = �Q � :

Multiplying bothsidesby Qt we getthatQt A �̂ Q� = � � .
The reversedirection is also correct. Namely, if � is an
eigenvectorof Qt A �̂ Q thenu is aneigenvectorof A �̂ with
the sameeigenvalue. We have thus shown that u is an
eigenvectorof A �̂ with aneigenvalue� if f u = Q� where
� is aneigenvectorof Qt A �̂ Q with thesameeigenvalue� .
The matrix Qt AQ canbe computedusing inner-products
since

(Qt AQ)k ;j =
mX

i =1

� i (qk � r i )(q j � r i ) :

Finally notethat f q1; : : : ; qdg canbefound implicitly us-
ing the kernelGram-Schmidtprocedure.In summary, we
have shown that all the stepsof the online algorithm in
Fig. 1 canbeimplementedvia akernelfunction.

4. Analysis

Thefollowing theoremprovidesa lossboundfor thealgo-
rithm in Fig.1. After proving thetheoremwediscussafew
of its implications.

Theorem1 Let (x1; x0
1; y1); : : : ; (x � ; x0

� ; y� ); : : : bea se-
quenceof examplesandlet R beanupperboundsuch that
8� : R � kx � � x0

� k4
2 + 1. Assumethat thereexistA? � 0

andb? � 1 for which 8� � 1, ` � (A?; b?) = 0 . Thenthe
followingboundholdsfor anyT � 1

TX

� =1

(` � (A � ; b� ))2 � R
�

kA?k2
F + (b? � b1)2

�
: (7)

Theproofof thetheoremis basedon thefollowing lemma

Lemma 2 Letw 2 Rn beanyvectorandlet C � Rn bea
closedconvex set.Thenfor anyw ? 2 C wehave

kw � w ?k2
2 � kPC (w) � w ?k2

2 � kw � PC (w)k2
2 : (8)

For a proof see for instance(Censor& Zenios, 1997),
Thm.2.4.1.

Proof of Theorem1:
For simplicity, we usethede�nitions of w; w � ; w � +1 ; w �̂

and� � from Sec.3.1. We alsodenoteby w ? 2 Rn 2 +1 the
vectorcorrespondingto thematrix-scalarpair (A?; b?).

De�ne � � = kw � � w ?k2
2 � kw � +1 � w ?k2

2. We prove
thetheoremby bounding

P T
� =1 � � from aboveandbelow.

First notethat
P T

� =1 � � is a telescopicsumandtherefore

TX

� =1

� � = kw1 � w ?k2
2 � kwT +1 � w ?k2

2

� kw1 � w ?k2
2 : (9)

This providesanupperboundon
P

� � � . In thefollowing
we prove the lower bound� � � (` � (A � ; b� ))2 =R. We
cansubtractandaddthetermkw �̂ � w ?k2

2 from � � to get

� � =
�

kw � � w ?k2
2 � kw �̂ � w ?k2

2

�

+
�

kw �̂ � w ?k2
2 � kw � +1 � w ?k2

2

�
:

Recall that w �̂ is the projectionof w � onto C� and that
w � +1 is the projectionof w �̂ onto Ca . By assumption,
w ? 2 Ca andw ? 2 C� . Therefore,we getfrom Lemma2
that

� � � kw �̂ � w � k2
2 + kw � +1 � w �̂ k2

2

� kw �̂ � w � k2
2 : (10)

We now usethe fact thatw �̂ = w � + � � � � where� � =
` � (A � ; b� )=k� � k2

2 to getthat

kw �̂ � w � k2
2 =

(` � (A � ; b� ))2

k� � k2
2

�
(` � (A � ; b� ))2

R
; (11)

wherethe last inequality is dueto the fact that k� � k2
2 =

kx � � x0
� k4

2 + 1 � R. CombiningEq. (11) with Eq. (10)
we get � � � (` � (A � ; b� ))2 =R. Comparingthe above
lower bound with the upper bound in Eq. (9) we getP T

� =1 (` � (A � ; b� ))2 � R kw ? � w1k2
2, which gives the

boundin Eq.(7) sincekw ? � w1k2
2 = kA?k2

F + (b? � b1)2.

Notethatthelossboundof Thm.1 doesnot dependon the
dimensionof theinstancespace.Therefore,thebounddoes
notchangeif weemploy kernelswhichmaptheinstancesto
high dimensionalspaces.Thesoledifferencein thebound
whenusingkernelsis thatthenormof A? andthenormof
theinstancesareassumedto besmallin themappedspace.
Notealsothatwe make a similarity predictionmistake iff
y�

�
b� � (dA � (x � ; x0

� ))2
�

� 0. Thus, if on round � the
predictedsimilarity is incorrect,then(` � (A � ; b� ))2 � 1.
Therefore,the numberof predictionmistakes cannotex-

ceedR
�

kA?k2
F + (b? � b1)2

�
. Finally we would like to



notethat while Thm. 1 providesa lossboundon the sum
of squaresof hingelosses,it is possibleto derive a bound
which is a meresumof losses.Theproof however is more
complicated,andis omitteddueto lackof space.

5. A Modi�cation for the InseparableCase

So far, we have assumedthat thereexistsa pseudo-metric
that perfectlymatchesthe similarity anddissimilarity re-
lations betweeninstances. In this section,we relax this
assumptionanddescribea modi�cation for the algorithm
in Fig. 1 for the inseparablecase. Sincethereis no per-
fect pseudo-metricthat explainsthe dataeven from hind-
sight,wedonotexpectouronlinealgorithmtoattaina�x ed
amountof loss. Instead,we measurethelossof theonline
algorithm relative to the loss of any other �x ed pseudo-
metricparametrizedby (A?; b?). Thealgorithmemploys a
relaxationparameter, denotedby 
 > 0. Theonly modi�-
cationto thealgorithmin Fig. 1 is to de�ne

� � =
` � (A � ; b� )

kx � � x0
� k4 + 1 + 


: (12)

It is possibleto derive a loss boundfor POLA with the
above modi�cation relative to the lossof any other �x ed
pseudo-metricusingthe sametechniquesasin (Crammer
et al., 2003).Thefull detailsareomitteddueto thelack of
space.

6. UsingPOLA in Batch Settings

We have focusedthusfar on onlinealgorithms.However,
in many machinelearningtasksthe entiretraining datais
given to the learningalgorithmin advance. Suchsettings
aretypically referredto asbatchlearning. In batchlearn-
ing the goal is to �nd an hypothesiswhich exhibits small
empiricalerroror losson thetrainingdataandgeneralizes
well by obtainingsimilar low losson unseenexamples.In
this sectionwe build upon the fact that we have devised
anonline learningalgorithmwith a lossboundon its per-
formance.Speci�cally, we usePOLA asa building block
to devisea batchprocedurewhich returnsa pseudo-metric
thatis guaranteedto generalizewell.

There are various techniquesto convert from online to
batchlearningwhich comewith someformal guarantees,
quite a few can be usedin our setting. We presenthere
oneof thesimplestconversiontechniques.Theconversion
procedureusesa convergenceparameter, denoted� . It in-
vokesPOLA multiple timesso long asthereexists an ex-
amplein the training setwhosehinge lossexceeds� . If
no suchexampleexiststheprocedurestopsandreturnsthe
�nal matrix obtainedby POLA. The lossboundof Sec.3

guaranteesthatatmostdR
�

kA?k2
F + (b? � b1)2

�
=� 2ein-

vocationsof POLA will be required.By construction,the

Figure2. Results of dimensionality reduction using distance
learning. Top: noisy imagesof the digits ”2” and”5” (left) re-
constructionof the imagesusingPCA (middle) andreconstruc-
tion usingPOLA (right). Bottom: A correspondingcolor-coded
representationof thedistancesbetweeneachpairof images.

loss of the �nal pseudo-metricon any examplefrom the
training set is at most � . Furthermore,combiningthe in-
equality of Eq. (9) with the fact that � � is non-negative
weobtainLemma3 below (seealsoCrammeretal.,2003).
This lemmaassuresthatthenormof theresultis bounded.

Lemma 3 Under the sameconditionsof Thm.1, the fol-
lowingboundholdsfor any� � 1

kA � k2
F + (b� � 1)2 � 4

�
kA?k2

F + (b?)2
�

:

Combiningtheboundonthenormwith thefactthatits em-
pirical losson the trainingsetis small implies that the re-
sulting pseudo-metrichasgoodgeneralizationproperties.
That is, assumingthat the training setandthe testsetare
i.i.d samplesfrom thesamesourcethenwith highprobabil-
ity thelosson thetestsetis alsosmall. Theformal deriva-
tion usesstandardlearningtheoretictools and is omitted
dueto thelackof space.

7. Experimental Results

In this sectionwe presentexperimentalresultswith syn-
theticandnaturaldatathatdemonstratedifferentmeritsof
POLA. In the�rst experimentwecreatedtwo syntheticim-
agesof the digits º5º andº2º. Eachimageis composed
of 12 � 12 pixels. We thencreated64 noisy versionsof
thetwo original imagesby addingbiasednoiseasfollows.
We de�ned two noisepatterns:the�rst patternwasgener-
atedby addinga zeromeanGaussiannoiseto all the odd
columnsof thedigit image;thesecondpatternwasgener-
atedin a similar mannerby addingnoiseto theodd rows.
The varianceof the noisewas set suchthat the signal to
noiseratio is 1 (0dB SNR).Thenoisyimagesaredepicted
on thetop left partof Fig. 2. Thenoisedegradedtheorig-
inal imagesup to the point whereit is almostimpossible
to recognizewhetherthe original digit is º2º or º5º. The
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Figure3. Top andmiddlerows: scatterplotsof error ratesfor all
pairsof digits from theMNIST dataset.Top Left: POLA vs. Eu-
clideandistance.Top Right: POLA vs FDA. Middle Left: POLA
vs. RCA without PCA asa preprocessingstep. Middle Right:
POLA vs. RCA. Bottomrow: thedigits 0 and8 afterdimension-
ality reductionusingPCA(left) andPOLA (right).

plot on thebottomleft of Fig. 2 is a color codedrepresen-
tation of the distancebetweeneachpair of original noisy
images.It is alsoclearthatthedistancesareratherrandom
anddonot re�ect theidentityof theunderlyingprototypes.
Wenext performedprincipalcomponentanalysis(PCA)on
the imagesandreconstructedthe imagesusingthe largest
eigenvector. The correspondingreconstructedimagesare
shown onthemiddleof thetoprow of Fig.2. Thedistances
betweeneachtwo reconstructedimagesare given on the
middle of the bottomrow. While someof the imagesbe-
comemoreintelligible, it is still not possiblein mostcases
to revealwhetheranimagerepresentsthedigit º2ºor º5º.
Similarly, thecorrespondingdistancesdo not clearlyshow
theunderlyingtwo-classstructure.Last,weappliedPOLA
to all pairsof noisy images,andreconstructedeachimage
usingthe largesteigenvectorof the learnedmatrix A. The
reconstructedimagesandthedistancesaredepictedon the
right handside of Fig. 2. Most, if not all, of the recon-
structedimageslook intelligible andwe caneasilyreveal
theoriginaldigit prototypefor eachimage.Indeed,thedis-
tancesmatrix depictedon the right exhibits a clearblock
structurecorrespondingto thepartitionof thedatainto two
classes.This experimentdemonstratesthepower of super-
visedlearningof pseudo-metricsfor extractingrelevantin-
formation.

Our next set of experimentscomparesthe performance

of the k NearestNeighbor(kNN) classi�er with different
(pseudo)metricson theMNIST dataset.MNIST contains
imagesof the 10 digits eachof which is representedby
28 � 28 pixels. We randomlypicked 10; 000 examples
from the trainingsetandusedall the10; 000examplesof
the test set. Next,

� 10
2

�
= 45 binary classi�cation prob-

lemsweregeneratedby comparingall pairsof digits. In
the�rst experimentwe comparedtheperformanceof kNN
usingtheEuclideandistanceto its performancewhenusing
apseudo-metricobtainedby runningPOLA onthetraining
set. To train POLA we randomlychose1; 000pairsof in-
stancesand usedthe last hypothesisgeneratedby POLA
for evaluationon thetestset(seeSec.6). A comparisonof
the error on all 45 binary classi�cationproblemsis given
on thetop left scatterplot of Fig. 3. Eachpoint in theplot
correspondsto a binaryclassi�cationproblem.Thex-axis
designatestheerrorof kNN with Euclideandistancewhile
they-axisis theerrorof kNN usingPOLA'spseudo-metric.
It is clearthat usingthe learnedpseudo-metricgreatlyre-
ducestheerrorrate.In fact,theerrorwhenusingPOLA as
apre-processingstepis lowerthanthevanillakNN in all of
the45binaryproblems.Next, wecomparedtheRCA algo-
rithm for learningdistances(Shentaletal.,2002)to POLA.
RCA follows thesamelearningsettingasPOLA in abatch
mode.We comparedtheperformanceof kNN usinga dis-
tancefunction learnedby RCA to its performanceusinga
pseudo-metriclearnedby POLA. RCA usesPCA asa pre-
processingstepin orderto reducedimensionality. We thus
appliedPCAindependentlyto eachbinaryproblemandre-
ducedthedimensionof each282 imageto a40dimensional
vector. This valueof thedimensionwaschosenby exper-
imentationon the testset. The results,comparingPOLA
with RCA, are given on the middle right plot of Fig. 3.
POLA outperformsRCA on all but oneof the 45 binary
problems.We alsoappliedRCA without thedimensional-
ity reductionstep.Theresultsaregivenon themiddle left
plot of Fig. 3. Here, the resultsof RCA aremuchworse
andPOLA outperformsRCA on all of the45 binaryprob-
lems.Thefact thatPOLA doesnot requiredimensionality
reductionis in accordancewith our formal analysis. In-
deed,the lossboundof Thm. 1 dependson theFrobenius
norm of A? anddoesnot dependon the actualdimension
of theinstances.

We also comparedPOLA to FisherDiscriminantAnaly-
sis (FDA) (Duda et al., 2001). FDA can be viewed as a
dimensionalityreductionmethodin thepresenceof super-
vision. Thesimplestform of FDA for binaryclassi�cation
problemsprojectsthe instancesonto a single dimension.
Thus,to make a fair comparisonwith FDA, we projected
thedataof eachbinaryproblemontothe largesteigenvec-
tor of the matrix found by POLA. We thencomparedthe
performanceof kNN usingtheprojecteddataobtainedby
POLA andFDA. Theresultsaredepictedon top right part
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Figure4. A comparisonof theerrorof variousonlinealgorithms
for document®ltering in thedatasetReuters-21578.

of Fig. 3. HereagainkNN with POLA clearlyoutperforms
kNN with FDA onall of theproblems.

In the �nal experimentwith the MNIST datasetwe ran-
domly selected100imagescorrespondingto thedigits º0º
andº8º.Wethenprojectedeachimageontothetwo largest
eigenvectorsobtainedby PCA andthe two largesteigen-
vectorsof the matrix learnedby POLA. The two projec-
tionsareshown in thebottomrow of Fig. 3 Theprojected
pointsusingtheeigenvectorsobtainedby POLA generated
two perfectlyseparableclusterseachof whichcorresponds
to adifferentdigit. In contrasttheanalogousclusterswhen
usingPCAareinterleaved.Thisdemonstratesthepotential
powerof POLA for dimensionalityreduction.

We alsocomparedPOLA with otheronlinealgorithmson
the problemof document�ltering. We usedthe Reuters-
21578dataset.This datasetcontainsabout10; 000 docu-
ments.Eachdocumentin thecorpusis labeledby zeroor
moretopicsfrom aprede�nedset.Werepresentedthedoc-
umentsusingthestandardvector-spacemodelwith length-
normalizedt�df after selecting500 words(Singhalet al.,
1996). Of the entire set of topics we chose13 topics to
usein our experiments.The topicswerechosensuchthat
thenumberof relevantdocumentsis muchsmallerthanthe
numberof irrelevant documentsfor the topic. (The ratio
betweenthe numberof relevant andirrelevant documents
was in the range[0:1; 0:01]). We then evaluatedPOLA
andvariousonline algorithmson the taskof online docu-
ment�ltering asfollows. On eachtime step,we calculated
the distancebetweena new instanceto all of the relevant
documentsobservedthusfar. If thedistanceto theclosest
relevant documentwaslessthanthe currentthresholdwe
predictedthatthedocumentis relevant.Otherwise,wepre-
dictedthat it is irrelevant. To evaluatetheperformanceof
the algorithmswe calculatedboth the averagenumberof
falsepositives(relevant) andthe averagenumberof false
negatives (irrelevant). We then took the averageof these
two errors. The endresultsis an equalizederror estimate
thatdoesnot dependon thedensityof relevantdocument.
We comparedthe resultsof POLA to the resultsobtained
by thePerceptronalgorithm(Rosenblatt,1958),thePAUM
algorithm (Li et al., 2002) (a variant of the Perceptron),
and a simple 1NN classi�er that useson eachround the
documentsobservedsofar. Theresultsaregivenin Fig. 4.
As can be seenfrom the scatterplot in the right, POLA

clearly outperformsthe simple1NN algorithm. However,
theperformanceof PAUM andthestandardPerceptronal-
gorithm areoften comparableto POLA. Sincethe PAUM
algorithmdependson parametersthatdrasticallyeffect its
performance,it is possiblethat�ner tuningof theseparam-
eterswill improve its performance.
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