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Abstract

This supplementary information contains, for the lemmas and theorems in the manuscript
“Error Bounds on the SCISSORS Approximation Method”, lengthy proofs that were left out

of the main text.

Proof of Lemma 1

Lemma 1 (SCISSORS library vectors are projections onto eigenvectors of the basis inner product
matrix). Given an N x N SCISSORS basis inner product matrix (that is, a similarity matrix post-
Tanimoto-to-inner-product conversion) K. Let the eigenvalues (resp. eigenvectors) of K be denoted
Ai and V;, with eigenvalues sorted in descending order of value. Let the matrix of all eigenvectors

be named V = [V|V,---Vy]. The SCISSORS vector w for a new molecule with library-vs-basis
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inner product vector L, in d dimensions, is defined by the expression:

AP wL
A2 (v, L)

A, vy,

Proof. Let the result of equation 1 be denoted B, the full-dimension basis vector matrix. Let
the restriction of B to d dimensions be denoted B’; this can be defined by B’ = VD!/2R with the
restriction matrix R defined by:
laxa
R=
ON—dxd
Where 1,4 1s the d x d identity matrix, and O is a zero matrix of appropriate dimensions. The

desired library vector w is then defined by the least-squares solution to the equation B'w = L. This

can be solved analytically:

W= (B/TB/)—lB/TL
- (RTDI/ZVTVD1/2R>IRTDI/ZVTL

= (R"DR) ' R"D'*V'L

Solve for each part of this separately (with D; and Dy_, denoting corresponding blocks of

matrix D:

T |: :| D, 0 1
R°'DR=1|1 0
0 Dy_g4]| |0

= Dy =diag ([A1, A2, , A4])
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- (R'™DR) " =D;' =diag ([A; 4,4, 1])
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Proof of Lemma 2

Lemma 2 (The pseudoinverse of Wy). W\ = VD,:IVT, where V = [V{V,--- V|, the matrix formed
from the first k columns of the basis matrix eigenvectors, and Dk_1 = diag[A; 1, A L /. 1, the

diagonal matrix of the reciprocals of the first k eigenvalues of the basis matrix.

Proof. The Moore-Penrose pseudoinverse of matrix A is defined to be a matrix X of dimension

equal to that of AT such that the following conditions hold:

AXA=A
XAX =X
AX is Hermitian

XA is Hermitian



Given that the matrix of basis row vectors in k dimensions is defined by:

B:VD,](/zz |:Vl Vs oo Vk] diag [kll/z,?tz]/z,--- ,1,3/2

Then Wy = BBT = VD,/>D}/*VT = VDV Define X = VD;'VT. Let U =V and E = Dy;

note that columns of U are orthogonal and that all matrices are real, so that Hermitian can be

interpreted as symmetric. Then:

XWX =UE'UTUEUTUE 'UT
—UE 'EE"'UT
=UE'UT
=X

W XW, = UEUTUE 'UTUEUT
=UEE 'EUT
=UEUT
=W
XW,=UE'UTUEUT
=uu” = (vu”)" = xw)’
WX =UEUTUE 'UT

=uu” = (vu”)" = wx)"

Thus, the matrix X = VD,;IVT satisfies all the Moore-Penrose properties and can be used as

the value of Wk+. L]



Proof of Theorem 1

Statement of the theorem

Theorem 1 (Bounded expected inner product error)

Given a chemical similarity kernel x defined over pairs of molecules from some distribution D,
such that x(x,x) < R? for some positive real constant R for all x € D. Construct a SCISSORS
basis set from a random sample S of ¢ molecules drawn uniformly at random from D. Denote by
K,f the SCISSORS-approximated kernel of k dimensions from basis set S. Then, with probability at
least (1 —§8)?, the expected error in SCISSORS approximation, over pairs of independently-chosen

molecules x,y € D, is bounded:

0<E [K‘(x,y) — K,f(x,y)} < | min 15L>d(S)
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Where s; are the basis molecules and A~ d(S ) is the sum of the eigenvalues of the basis matrix not
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used in SCISSORS:
4

A7) =Y A

i=k+1
Proof Overview

The proof of Theorem 1 relies on a bound on the generalization error of kernel PCA projections
due to Shawe-Taylor.! This theorem bounds the expected residual from projecting new data onto
a sampled kernel PCA basis; we extend this proof to bound the expected error in inner products
from projecting two points onto a kernel PCA basis. Then, the translation to SCISSORS follows
trivially from the reduction of SCISSORS to kernel PCA.

The proof relies on the following definitions from the Shawe-Taylor work: !

e For a sample of ¢ vectors S = s1,s7,---,s¢ and a kernel function x, the sample correlation
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matrix C(8) is an £ x ¢ matrix with C(S);; = k(s,s;).
o Vi is the space spanned by the first k eigenvectors of C(S).
° VE is the orthogonal complement to space V.

e ] is the kth process eigenvalue (true eigenvalue of the kernel operator k, computed over the

entire distribution generating our data).

° ik is the kth empirical eigenvalue (i.e., the kth eigenvalue, in descending order of value, of

the kernel matrix on S).

e 17K is the sum ¥ ;- ; Ar, and similarly for 1K,

The residual P%; (x) is the projection of x onto the space VkT.
k

We make use of the following theorem:

Theorem 2 (Theorem 1 from!)
If we perform PCA in the feature space defined by kernel K, then over random samples of points
S s.t. |S| = £ (£-samples), for all 1 < k < {, if we project new data onto the space Vi, the expected

squared residual is bounded by the following, with probability greater than 1 — §:

v <[ ]

14 1+vd |2 ¢ 18 /20
< . - >d = . . 2 2 - -
< min E;L (S)+ i 7 1—21 K (i) | +R 7 In ( 5 ) 3)

Where the support of the distribution is in a ball of radius R in feature space.

The Proof

Given two data vectors X and y chosen independently from a distribution D and a kernel k. By

Mercer’s theorem, there exists a function ®, the feature-space projection, such that (®(X), P(¥)) =



k(%,y). Let X = ®(%) and ¥ = ®(¥). Assume ||X||%,||Y||*> < R* for some positive real con-
stant R (i.e., support of the feature-space distribution is bounded in a ball of radius R around
the origin). Given a random /-sample of vectors from D, construct the feature-space eigenvec-
tors/eigenvalues from kernel PCA in k dimensions. Define X to be the projection of X onto Vi
the eigenspace of chosen dimension from KPCA and X, to be the projection of X onto VkT, the
orthogonal eigenspace. Likewise define Y and ¥ .

We would like a bound on the error of inner products in the parallel eigenspace (the KPCA
space) with respect to the true inner product. We will compute this in the form L <E [X - Y — X - Y} |

U.

K(XY)=XY=(X+X) (¥+Y)
=X Y +X, Y,

SEXY =Xy =E[X, Y]

With step 3 following because dot products between orthogonal eigenspaces are zero by definition.
From this, we know that L > 0, since inner products are positive. It is possible to prove a tighter
lower bound, but we are here interested in the upper bound of the error only: E[X, -Y,| <U. This

expression can further be bounded above:

EX, - X ] <E[|X_[|I|YL]I] Cauchy-Schwarz inequality

= E[IXLTE[[YLI]+Cov (XL, I[YLI) @

From Theorem 2, we know that for every 8 € [0, 1], sample size ¢, and feature-space radius
bound R, there exists some constant & such that E[X| -X ] < a and E[Y, -Y|| < a with proba-

bility greater than (1 — §)? (since we have two independent events each of probability > (1 — 8)).

<



Using this fact we will now bound each term in equation 4.

Bound on E [||X | ||]
From Theorem 2, we know that E [||X ||*] < a. By Jensen’s inequality (f(E[x]) < E[f(x)] for

convex f):

E*[IX ) <E[[IX.IP] <o

~E[[IX0] < Ve (5)

Bound on Cov (||X ||, ||YL]])

By the Cauchy-Schwarz inequality,

Cov ([[X L[ IYel)) < VVIIX VYL

By symmetry, V|| X, |] = V[||Y,

], so:
Cov ([|X L[, 1[YL[) < VI[[XL]] (6)

Since ||X || € [0,R] by the assumption on support of feature distribution, E[||X ||] must exist;
let E[||X||]] = v for some y. Under this constraint, the variance of the distribution of ||X || is

maximized by a scaled Bernoulli random variable v with probability density f:

) =8 (1- 1%) n (S(x_zva)lle

E[v]=0x (1—;—;>+R><I}—;:y

V[v]=E [v?*] —E*[v]

= (O+RZZ> —7

R
=Y(R-7)



VXL < — (7

Final steps

From Theorem 2: for every & € [0,1], sample size ¢, and feature-space radius bound R, there
exists some constant @ such that E[X | -X || < aand E[Y, -Y|| < o with probability greater than

(1 —8)? for all x and y sampled independently from the distribution.

EX-X0 ] <E[XLTE[YLIT+Cov ([[XLI YL Equation 4
<o+ Cov(||XL|,1YLI]) Equation 5
<o+ VI[|X_]] Equation 6
R2
<o+ T Equation 7

Therefore, by substitution from Theorem 2, with probability greater than (1 — & )2 on /-samples
S, for any vectors X and Y independently sampled from D, the expected kernel approximation error

E [X Y —X| YM is bounded above by:

ot X
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Since computing approximate inner products using SCISSORS is equivalent to computing in-

ner products using kernel PCA (section ), this bound also holds for SCISSORS.



References

(1) Shawe-Taylor, J.; Williams, C. K. L.; Cristianini, N.; Kandola, J. On the Eigenspectrum of the
Gram Matrix and the Generalization Error of Kernel-PCA. IEEE Trans. Info. Theory 2005, 51,
2510-2522.

10



